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ANALYTIC AND UNIVALENT FUNCTIONS 
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Abstract. For the real number a > 1, we use a technique due to 
Nehari and Netanyahu and an application of certain integral iteration 
of Caratheodory functions to find the best-possible upper bounds on the 
coefficients of functions of the class T%(0) introduced in [4] by Opoola. 



1. Introduction 
Let A denote the class of functions: 

(1) f{z)=z + a 2 z 2 + ... 

which are analytic in the unit disk £ , = {zGC:|z|<l}. In [3], Opoola 
introduced the subclass T^{(3) consisting of functions / G A which satisfy: 

(2) ReS^l- > „ 

v ' a n z a 

where a > is real, < f3 < 1, D n (n G N = {0, 1,2, ...}) is the Salagean 
derivative operator defined as: D n f(z) = D{D n - 1 f{z)) = z[D n - l f(z)}' 
with D°f(z) = f(z) and powers in (|2|) meaning principal determinations 
only. The geometric condition ([2]) slightly modifies the one given originally 
in @] (see [I]). 

The object of the present work is the extension of some earlier results 
regarding the bounds on the coefficients, a^, of functions belonging to the 
class T"(j3). Babalola and Opoola have begun to solve this problem in [2]. 
They determined sharp bounds on a/% for some a > and gave some rough 
estimate of the general coefficient bounds using the logarithmic coefficient 
approach. The sharp bounds were stated as follows: 

Theorem 1 Q2J). Let f G T%(J3). Define 

2 m (l - (3) m a m ( n -V njToH 1 " 3 a ) 



Bra 



mi 
k-l 



A k (n,a,p) = ^B m Q { ™\ 

m=l 
k-2 

A k _ x {n,a,(3) = £ B m Q { ™\ 

m=l 
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where for each m = 1, 2, Qlji is defined by the power series 

/ oo fc \ m 

'_ \ _ f)(m) 7 m _j_ fl (m) _,_ fl (m)^ m+ 2 



^4 /so /e£ 



f] 1 = { a |0 < a < (k - 2)~ 1 ,k = 2,3,...}, 
Q 2 = { a \(k - 2)" 1 < a < (k - 3) _1 , = 4, 6, ...}, 
3 = {a|(/c - 2)" 1 < a < (k - 3)" 1 , = 3, 5, ...} 



Then 



M < 



A fc (fa G^iU^, 
-Afc-l i/aen 3 . 

JTie inequalities are sharp. Equalities are attained for f(z) satisfying 
D n f(z) a _ \ 1+( \z 2 f )z !/aefiiUfi 2l 

The rough estimate was also given as: 
Theorem 2 (pj). Let f G T«(/3),ra G TV . Suppose 



k=0 



A fc+ i(a)z ft ,^i(a) = 1. 



Then 



1*1 

|A fc+1 (a)| < exp { 0.624a 2 + (2a 2 - -) - 

From Theorem 1, which is best-possible, it is obvious that the problem 
has only been solved completely for a 2 and 0,3 for all values of the index a. 
For k > 4, the problem has remained open for all a > (k — 3) _1 . In this 
article we proceed with the proof of the sharp bounds on the coefficients of 
functions in the class T°(/3), a > 1. Our result is the following: 

Theorem 3. Let f G T"(/3). If a > 1, we have the sharp inequalities 

(3) |a fc |< (a + fc-1)" ' fc = 2 > 3 ' 4 '- 

Equalities are attained for f(z) satisfying 

D n f(z) a _ 1 + (1 - 2f3)z k ~ 1 
a n z a ~ 1 - z k ~ l ' 

For k = 2, 3, the above result is contained in Theorem 1 above. The proof 
here is however new. Also Singh [6] proved the same result for k = 2, 3, 4 
for the particular case n = 1 and /? = 0. In our proof we combine a method 
of classical analysis due to Nehari and Netanyau [3] (also used by Singh 
[6]) with an application of certain integral iteration of the Caratheodory 



COEFFICIENT BOUNDS 3 

functions That is presented in Section 3. In the next section we state 
and prove some preliminary lemmas. 

2. Preliminary Lemmas 
Let P be the class of functions 
(4) p(z) = 1 + biz + b 2 z 2 + ... 

which are analytic in E and have positive real part. In pQ the following 
integral iteration of each p € P was identified: 

Definition 1(PQ). Let p e P and a > be real. The nth iterated 
integral transform of p(z), z G E is defined as 

Pn(z) = ^ I t a - l p n ^{t)dt, n > 1 
z Jo 

with po(z) = p(z). The family of the nth integral iteration of p E P was 
denoted by P n . Functions p n (z) in P n have series expansion: 

°° a n 

Furthermore if Re p n (z) > (3, (0 < f3 < 1), we denote by P n ((3) the family 
of such functions given by: 

oo n 

In the proof of our main result we require the following lemmas: 

Lemma 1 (gj). J/p(z) = 1 + Y1T=1 b kZ k and l( z ) = 1 + EfcLi c fc^' Won 5 
to P, i/ien r(z) = 1 + \ YlkLi bkCkZ k also belongs to P. 

Lemma 2 ([3J). Let h{z) = 1 + J2T=i d kZ h and 1 + G{z) = 1 + J2T=i K zk 
be functions in P. Set 



(6) 7m — 2 m 



n m 



7o = 1 • 



If Ak is defined by 

oo oo 
m=l k=l 

then 

\A k \ <2, fc = l, 2, ... 

If, in the proof of the above lemma (as contained in [3]), we define h n (z) as 
the nth iterated integral transform of ho(z) = h(z) we immediately obtain 
the following corollary. 
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Corollary 1. Let h n (z) be the nth integral iteration ofho(z) = l+$^fc=i dkZ k 
with Re h n (z) > (3, and 1 + G(z) = 1 + YlkLi b'k zk be functions in P. Define 
7 m as in and 

(a + m) n 

If Ak is defined by 

oo oo 

(8) Yl (-l) m+1 V m -iGT(z) = A ^ k > 

m=l fc=l 

2(1 -/3)a n , 

Lemma 3 ([2]). Let G{z) = X^A^=o Cfczfc ^ e a P ower series. Then the rath 
integer product of G(z) is G m {z) = YlT=o c jfe * where c£ = Ck and c^ = 

v-^fc (m— 1) ^ n 

E J= o c i c Li "»> 2. 

We now turn to the proof of the main result. 

3. Proof of the Main result 
Let / € T"(/3). Then there exists an analytic functions p n £ P n such that 
(10) f(z) a = z a [P+(l-P)p n (z)} 

where p n (z) given by © is the nth iterated integral transform of an analytic 
function p £ P defined by ([J]) (see Lemma 4.2 of pQ). The first part of the 
proof involves obtaining expression for the coefficients, a^, of f(z) in terms 
of the coefficients, bk, of the function p E P. This is contained in [2] and 
adapted here for completeness. We have, using ([5]) in (fTOl) . 



(id /(z) = ^ 1 + (1 _ /J )g I _ wM 

Equation (jlip expands binomially as 
(12) 



2 



/(z)_ " M fc (l-/?) 2 a 2 "(l-«) /f^ &^ fc i 

^ (a + /c) n 2!a 2 I ^ (a + k) n J 



a 

k=l 



m\a m 

Using Lemma 3 in ()12p we get 

k=l k=l 



1 + £ Bi^V + .- + £ B m cf + ... 



COEFFICIENT BOUNDS 



5 



where 



ml 



and m = 1,2, ...; A; = m,m + 1, ... is denned by 



L/C \ 

<«•+*>" J " 

having the general form 

k m , p l 

(13) c!r)= ^ c 'U^ 

for some nonnegative constants Cj, j = 1,2, ...k and indices pi, I = 1, 2, m 
taking values in the set M = {0, 1, 2, m} such that /?/ + P2 + ••• + Pm = m 
(see page 10 of |2j). From (|12p we write 

oo 

(14) f(z) = z + ^At ) z k 

k=2 

where 

fc-i 

r(m) _ \ g ^(m) 



4 (m) _ ST r> Mm) u_ 9 o 



771=1 



Comparing coefficients in (pQ) and (|14p . we see that 
which gives 



fe-i 



(i5) afc= ^ e^ii^tif, 

m=l W=l 1=1 v ; 

Now we compute the leading coefficients, A v , in the expression (|8|). From 
we have 

oo 

(-l) m+1 rim-iGT(z) = G l (z) - Vl Gj(z) + ... 

(16) 

v=l 

with 

oo 

G l {z) = Y J K^ v - 

v=l 

Using Lemma 3 again we have 

oo 

(17) G?(z) = Ci m) z v , m = 1, 2, ... 
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where 
(18) 
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V m 



3=1 1=1 



with Cj and indices pi as already defined for ([13]) . Using ([TT|) and ([15]) 
in ([T6[) we get 



OO / V 



m=l 



m) I 



D=l \m=l 
oo I v 



v m 



E £(-D m+ V-i E^IP 



'Pi I I _o 



u=l \m=l 

oo 

v=l 



J=l '=1 



so that 



^ = E(-i) m+ V-i (E^n^ 



m,=l 



By corollary 1, these coefficients, A v , satisfy the inequality ([9]) if 1 + G(z) = 
1 + b\z + b' 2 z 2 + ... is a function of the class P, and by Lemma 1 we may 
set b\ = \b\Ci where p(z) = 1 + b\z + b2Z 2 + ... is the function and 
H(z) = 1 + C\z + C2Z 2 + ... is an arbitrary function in P. Then 



(19) |A,I 



E(-d 



m +l ?7m-l 



v m 



m=l 



e^ikm 

,j=l Z=l 



< 



2(l-/3)a n 
(a + v) n 



Using ([7|) together with the fact that a > 0, we can write (fT9|) equivalently 

as 

(20) 



14,1 



E(-d 



m=l 



m+1 I 1 ~ 7m-l 

(a + m- l) n 2 m a 



< 



2(1 - p)ci 
{oTv) 7 



n-1 



Since for each m = 1, 2, ... and any a > 0, 



n 



a' 



< 



n 



O" 



ot 



< 



Q: 



11 (a + /) npi ~ ^ (a + l) npl (a + l) mn ~ (a + m - l) r 
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it is evident that for each v = 1, 2, ... 



2+1 7m- 1 



m=l 




vnp, I I 



Pi 



.! (l-/3)a n 7m-l 

m=l 

Therefore by (|20p .we have 



< 



(a + m- l) n 2 m a 



£(-*)' 



m=l 



l+ l 7m-l 
2 m a 



£' 11 (°+o 



< 



2(1 -^a"- 1 



that is, 
(21) 

! (1 - fflV-S™-! 



m=l 



£ c >n (Q+i) 



< 



2(1 -^a"" 1 
(a + ?;) n 



Now comparing (|15p and the term in the absolute value in (|21[) (with v = 
k — 1), we would conclude that the inequalities ([3]) hold if we are able to 
find two members h(z) = 1 + d\z + d.2Z 2 + ... and H(z) = 1 + c\Z + C2Z 2 + ... 
of P which give rise to the constants 7 m (as required by (|6|)) and q. For 
H £ P, a natural choice of the Moebius function is suitable. That is, 
H(z) = (l+z)/(l-z) = l+2z+2z 2 + .... Thus we have q = 2, I = 1, 2, .... 
Using this in (f2~TT) we get 
(22) 



fc-i 



' k-l 



^(-ir +i a-/3) 



m„mn-L, 
a 7m- 1 



m=l 



6f 



n-1 



< 



2(1 - [5)a 
(a + k- l) n 



Comparing (|15p and the term in the absolute value in (|22p we find that 



that is 



(23) 



(-1)" 



7m- 1 



2+1 7m- 1 



In/" 1 



n^O'"- 1 ) 



l^m-l 



Now with da, /i = 1, 2, m — 1 defined by 



(24) 



1 



>m— 1 



1 m_1 / i 

1 % -« / m — 1 



, 7o = 1 • 



we need to find h(z)k, corresponding to each a&, fc = 2,3,4,...., such that 
the coefficients d u , fi = 1,2, ...,m — 1 of each /i(z)fc satisfy (|24l) and the proof 
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would be complete. Observe from (i22l) that m = 1, 2, k — 1 as we begin 
to implement our scheme for each k = 2, 3, 4, .... 

k = 2: In this case m = 1. Hence by (123ft 70 = 1 and we can therefore 
define d M = for all /i so that h(z)2 = 1. 

fc = 3: Here we have m = 1, 2. Using (|2~4"|) we get di = — ^, so that 

a-1 1 fl-z\ 1 2 
a a V 1 + z / a 



= 4: Now m = 1, 2, 3. From (|24ft we have 

i ^ + v 1+ ^- (Q - i)(2a - i) 



4 V 2 V 1 Z V 3!a 2 
Taking d\ = 0, we get 

d 2 a 2 - 6q + 2 



2 3a 2 
(Note that jc^l < 2) and we have 



h(z) 4 



2(a 2 -6a + 2) 2 
= 1+ 3a 2 - « + - 

where ao > 1 is the solution of a 2 — 6a + 2 = 0. 

k = 5: In this case m = 1,2, 3, 4., and from (|24|) we get 



1/ 1. A (a - l)(2a - l)(3a - 1) 



i ^l + |(3di +3d 2 + a!3)) 



4!a 3 



Taking cZi = ^2 = 0, we get 

cfe _ 3a 3 - 11a 2 + 6a - 1 
~2 ~ 3a 3 ' 

(Note also that |d 3 | < 2) and 



Hz) 



lla 2 -6a+l 1 3a ci -lla 2 +6a-l / l+z A \ -r n ^ n 

3^ + 3^ Ha>a , 

6a 3 -lla 2 +6a-l , l-6a+lla: 2 -3a 3 ( l-z 3 \ -r i ~ ™ <- ™ 

3^ + 3^ \T+^J iil<a<ao- 



2(3a 3 - 11a 2 + 6a - 1) , 
= 1 + ~ ^ ~ Z+ - 

In this case ao > 1 is the solution of 3a 3 — 11a 2 + 6a — 1 = 0. 

k > 6: In general, m = 1,2,3, ...,k — 1. In (|24|) we set d\ = ^ttj, 
d% = di = ... = d^ = a where £ equals m — 1 if m — 1 is even and m — 2 
otherwise, and c?3 = d$ = ... = d w = where u equals m — 1 if m — 1 is oc?c? 
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and m — 2 otherwise. With this we get 

nm-l T-rm— 1 / ja-1 
a Z llj=l I ja 



^ m 



(r 2 - i )+r 4 - 1 )+-+(T)) 



In this sense < 2 for all \i = 1, 2, m — 1. Setting m = A; — 1, we now 
define h(z)k, At > 6 as follows 

M , )4 _ 1 1 _ * ^ngjjg) ) +_!_(!_,) 

' '- 2 (*-i)(M + (*7 2 ) + - + (*; 2 ))i fc - 2 



+ 



(it - 1) (ft 2 ) + ft 2 ) + - + ( 

In other words, 



k-2\\ \ I - 



Hz)t = i - ^ + / 



nfc-2 rr fe - 2 1 i"- 1 
(A:-l)((V) + ft 2 ) + -+ft 2 )) 



That these functions h(z)k belong to P follows from the fact that the func- 
tion Ai/i + A2/2 + ••• + A m / m belongs to P if /1, / 2 , / m belong, Ai, 
A2,...,A m > and Ai + A2 + ... + A m = 1. This completes the proof of the 
theorem. 

Remark 1. We compute H{z)q, h(z)w for the purpose of illustration. 

h(zV -l- l -z+ 4("-l)(2a-l)-(4a-l) 2 
lj6_ 2 Z+ 105a 4 

4(a-l)(2a-l)...(4a-l) 4 

105a 1 Z + "' 



2 4(a-l)(2a-l)...(5a-l) , 
h(z) 7 - 1 -* + — * 



4(a - l)(2a - l)...(5a - 1) 4 

675a^ Z + 



- 1 - L + 8(a-l)(2a-l)-(6a-l) , 
l)8 " 3 + 10765a 6 Z 



8(a - l)(2a - l)...(6a - 1) 4 

10765a 6 Z + 
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h(z)g = 1--Z + 



2 (a - l)(2a - l)-(7a - 1) 
19845a 7 



2(a - l)(2a - l)...(7a - 1) 
19845a 7 



z* + ... 



h(z) w = 1 - - 



2; + 



4(a - l)(2a - l)...(8a - 1) 
360045a 8 



4(a - l)(2a - l)...(8a - 1) 
360045a 8 



z k + ... 



With this work the coefficient problem of functions in the class T%((3) is 
settled for any a > 1. Of course the case a = 1 is trivial as this simply gives 



only remains open for (k — 3) _1 < a < 1, k > 5. Finally, we note a humble 
attempt at this problem made by the authors in [5]. Their results depended 
wholly on the triangle inequality, and were not sharp. 
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